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Abstract
Nucleon structure functions are shown to have a qualitative (or ‘formal’) relation
to the classical elliptic theta functions. In particular, θ′1/2 shows a clear resem-
blance to a non-singlet structure function like xF3. In the appropriate range, the
Q2-dependence of the moments of θ′1/2 is in near-quantitative agreement with
QCD, and at low-Q2 the moments converge to a common value, as observed
empirically for xF3. At very high Q
2 (Q→MPL), θ′1/2→ η3(x) (where η(x) is
the Dedekind eta function) while xF3 in the same limit appears closer to η
5(x).
A comparison of the theta function identity θ42(0) = θ
4
3(0)− θ44(0) with the rela-
tion xF3 = Q(x) − Q¯(x) suggests that singlet structure functions have more in
common with θ3 and θ4. The possibility of interesting large-x/small-x ‘duality’
relations for structure functions emerges naturally from the analysis.
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Structure functions have long been recognised as fundamental by experimentalists,
phenomenologists and theorists alike, and impressive progress has been made over
the years in achieving a precise, quantitative understanding of their behaviour, over
an increasingly large a kinematic range, mainly within the context of perturbative
QCD (see for example Ref. [1]). A quantitative description/representation of structure
functions to match that achieved to date in perturbative QCD, however, is not the
immediate (nor indeed the ultimate) aim of the present paper, and neither in fact is
QCD our point of departure here. Rather the aim of this paper is to draw attention
to a rather startling (if qualitative) empirically-observed similarity/relation existing
between nucleon structure functions and the classical elliptic (or Jacobi [2]) theta
functions, almost certainly involving, it would appear, the very highest energy scales,
eg. the unification scale or the Planck-energy.
Theta functions of various kinds, and in particular the modular symmetry inher-
ent to theta functions, are themselves recognised as fundamental, mainly within the
context of more-abstract theory, most notably in string-theory [3]. Triggering the
present paper, and drawing strongly on considerations of modular symmetry (with
specific reference to the Jacobi theta functions in the scale-invariant case) are recent
results [4] on strong/weak-coupling duality, monopole condensation etc, which are gen-
erally believed to bear on the confinement problem, and which in the long-term might
reasonably be expected to lead to practical calculations of relevant non-perturbative
quantities in theories akin to QCD. Thus while (as we shall see) there do seem to be
points of contact from our observations to perturbative QCD and to a number of asso-
ciated phenomenological ideas/models, we do have to draw attention to the possibility
of an important link to what one might call ‘fundamental theory’ here. Naturally, we
continue to emphasise the empirical aspects of our observations, which we regard as
striking and interesting in their own right, regardless of explanation.
With duality ideas in mind therefore, we begin by observing that the modular
transformation formula (Weyl inversion) for a simple theta function θ[τ ] viz:
θ[τ ] =
√
i
τ
θ[−1/τ ] (1)
is arguably just the kind of relation one might hope to establish between the strong-
coupling (τ → 0) and weak-coupling (τ → ∞) domains in a theory like QCD. The
parameter τ is in general complex (with Im τ > 0) but for definiteness we focus here
on the case that τ is purely imaginary:
τ = it (t > 0) (2)
so that t = −iτ is real and positive in this case (via the notion of the ‘running’
coupling, we might think of t as the logarithm of some ‘energy’, see below).
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The four classical theta functions θi(z|τ), i = 1−4 [2] all have well-defined modular
transformation properties, each satisfying a relation similar to Eq. 1 in the case that
z = 0. In Ref. [4] the functions θ2, θ3 and θ4 (evaluated at z = 0) arise in connection
with the analysis of spin structures in massless S-dual theories with dimensionless
couplings. In this paper we make particular use of the function θ′1(z|τ):
θ′1(z|τ) = 2
∞∑
n=0
(−1)nei2piτ(2n+1)2/8(2n+ 1) cos(2n+ 1)z (3)
obtained from θ1 by differentiation with respect to z (the θi are by no means all
independent, eg. θ2(z) = θ1(z+pi/2), θ3(z) = θ4(z+pi/2) and θ
′
1(0) = θ2(0) θ3(0) θ4(0)
[2], where θi(0) denotes a theta function evaluated at z = 0).
With regard to the experimental data on structure functions, theoretical fits based
on perturbative QCD (which makes rather clear-cut predictions for the Q2 dependence
of structure functions, at sufficiently high Q2) have typically been used to interpolate
and extrapolate existing experimental data to cover the full kinematic range of cur-
rent/future experimental interest (ie. up to and including LHC energies). By way of
example, in Figure 1a we show (solid curves) the x-dependence of the isospin-averaged,
non-singlet neutrino-nucleon structure function xF3, based on the MRS [5] fit, for
factor-of-ten increments in Q2, for Q2 = 1 − 107 GeV2 (here Q2 is the square of the
four-momentum transfer and x is the usual Bjorken scaling variable). The data used
in these fits cover the range Q2 = 1−104 GeV2, the fit being deliberately restricted to
Q2 > 1 GeV2, to reduce the risk of trespass into the non-perturbative regime. While
the x-dependence at fixed Q2 is largely determined by the data in these fits (pertur-
bative QCD has much less to say about the expected x-dependence), a number of
phenomenological ideas/models do serve as some guide in selecting appropriate func-
tional forms for fitting. Regge-theory [6], for example, suggests an x
1
2 dependence for
xF3 at small x and dimensional counting rules [7] suggest (1 − x)3 for the behaviour
as x→ 1, these predictions being expected to hold at some not-too-large Q2 (Q2 ≃ 1
GeV2). The sequence of curves shown in Figure 1a prompts the question of what is
the high energy limit of the structure function or (perhaps more relevantly) what is
the extrapolated form at the unification scale or the Planck energy?
The undenied continued sucess of thermodynamic/statistical-models [8] [9] of struc-
ture functions would certainly suggest that statistical-mechanical (or combinatorial)
considerations could underlie the form of the structure functions at high energies (it
has also been noted directly from experiment that the x-dependence of structure func-
tions becomes more exponential in character with increasing energy [10]). Closely
associated with theta functions, the Dedekind eta function η[τ ] obeys the same mod-
ular transformation formula as the simple theta function (Eq. 1 above) and has a
3
clear combinatorial significance (see below). Furthermore the x-dependence of the eta
function, given by:
η(x) = x
1
24
∞∏
n=1
(1− xn) (4)
(η(x) ≡ η[τ ], x = exp(2piiτ)) is remarkably reminiscent of the x-dependence expected
of a non-singlet structure function, cf. the Regge prediction etc. (above). With t = −iτ
taken to be real and positive as before (cf. Eq. 2) we have:
t =
1
2pi
ln
1
x
(5)
with x also real and positive and satisfying 0 < x < 1 as required. With this (perhaps
unexpected) association of t with the scaled parton energy x (rather than Q =
√
Q2),
the modular transformation (cf. Eq. 1) would become a large-x/small-x relation, ie. a
symmetry versus ln t = ln 1
2pi
ln 1/x centered about a ‘critical’ x-value x0 = exp(−2pi).
In Eq. 4 the pre-factor x1/24 is known to be essential to the modular covariance.
The infinite product has a clear combinatorial significance as the reciprocal of the
generating function for the classical partition function [11]. Physically it is just the
reciprocal of the ordinary partition function for a system comprising a (freely) variable
number of indistinguishable massless bosons moving freely in one dimension (the index
1/24 in Eq. 4 is then interpreted as the associated Casimir (or vacuum) energy [12]).
The generalisation to more than one ‘colour’ of boson is readily obtained by raising the
generating function to the power of the number of boson colours [13]. Functions like
η3(x), η8(x) . . . appear naturally as operator traces or ‘characters’ in relation to the
infinite dimensional lie algebras sˆu2, sˆu3 . . . which are equivalent to (2-dimensional)
current algebras [13]. The (one-colour) generating function for fermionic partitions,
related to η(x)/η(x2), is the same infinite product (Eq. 4) but with (1+xn)−1 replacing
(1 − xn). The bosonic entropy is then √2 times the fermionic entropy and (all else
being equal) bosons take twice the energy of fermions aymptotically [14].
In a heuristic spirit, we are in effect arguing that the above functions relate to
the probability (per unit log x) of finding the system in a particular state, and as
such represent structure functions in the high energy limit, if we assume that partons
behave like free particles at high energy. In Figure 2a we plot the moments of xF3 (solid
circles) for factor-of-ten increments in Q2 (as above) calculated from the QCD fit, as a
function of lnQ2/Λ2 on a log-log plot, ie. we plot lnM3(N) versus s = ln lnQ
2/Λ2 (with
Λ ≃ 250 MeV) so that perturbative QCD evolution is reduced to a linear dependence
with a known slope (M3(N) ≡
∫
xN−1F3dx [15]). Extrapolating (the moments of)
xF3 to Q
2 ∼ 1038 GeV2 (Q ∼ MPL), we found to reasonable accuracy: xF3 →
[x
1
12 η(x)/η(x2)]5, where the moments of this function are represented in Figure 2a by
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the open half-circles plotted at the largest value of Q2. This function (clearly cloaely
related to the fermionic partition function above) is plotted versus x in Figure 1a
(dashed curve, labelled Q2 ∼ M2PL) and is in fact very similar in general appearance
to the function η5(x) (not shown), either function satisfying the GLS sum-rule [16] for
the N = 1 moment to an accuracy of a few percent.
The above observations (Figure 1a/2a) lend empirical support to the notion that
powers (or combinations of powers) of η(x) may underlie the functional form of the
structure functions at the highest energies (regarding the basic shape and also, it
would seem in this case, the normalisation). On the other hand, we have no particular
explanation for the apparent preference for the fifth power here (but see Ref. [34]
below).
The theta function θ′1 (Eq. 3) evaluated at z = 0 is proportional to the third power
of the eta function, specifically:
θ′1(0, x)/2 = η
3(x). (6)
where we adopt the usual convention θi(z, x) ≡ θi(z|τ) (the conventional symbol q2
often used in place of x, is deliberately avoided here). In Figure 1b we plot the
evolution of θ′1 for factor-of-ten increments in Q
2, with the a posteriori (see below)
identification (assumed valid in the limit z → 0):
z ≃ const. − 1
2pi
ln lnQ2/Λ2 (z <∼ 0.6) (7)
where the constant is fixed such that z = 0 corresponds to Q2 ≃ 1038 GeV2 (ie. the
constant is equal to the Q2-dependent term with Q set equal to MPL, viz. const. ≃
(1/2pi) ln lnM2PL/Λ
2 where MPL is the Planck-mass, MPL ≃ 1019 GeV). Comparing
Figure 1a and Figure 1b, it is apparent that the z-dependence of the theta func-
tion shows a really rather startling similarity to the Q2 dependence of the structure
function, at least over the current experimentally relevant range Q2 = 1 − 107 GeV2
(z ≃ 0.55− 0.25).
A more quantitative comparison is achieved by plotting (the logarithm of) the
x-moments of the theta function versus z (Figure 2b) alongside the corresponding
plot (Figure 2a) for the structure function moments versus s = ln lnQ2/Λ2. In each
case we see a broadly linear dependence of (the logarithm of) the moments on the
ordinate, with a slope which increases with increasing moment number. The theta
function moments (Figure 2b) converge to a common value (2pi) as z → pi/2, where
θ′1/2 → 2piδ(x− 1). While the structure function moments cannot be plotted (versus
s) for Q2 < Λ2 and are not plotted anyway for Q2 < 1 GeV2, as explained above, it
is evident nonetheless (Figure 2a) that if the linear dependence of the QCD fit were
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naively continued to lower Q2 (broken lines) the structure function moments would
also apparently converge in very similar way (this striking feature of the data has no
explanation in the context of perturbative QCD, and has been cited as evidence for
‘valons’ [17], and is also apparently a prediction of bag-models [18] and possibly also
chiral-soliton models [19]). Of course the structure function becomes proportional to
δ(x − 1) at very small values of Q2, as a consequence of the dominance of elastic
scattering (xF3 → 5.7× δ(x− 1) , as Q2 → 0 [15]).
Assuming the correspondence Eq. 7, in Figure 3 we compare the slopes (with
respect to logQ2) of the moments of the theta function (solid curve) directly with
the leading-order QCD non-singlet anomalous dimensions, evaluated for three quark
flavours (broken histogram) for the first ten moments (N = 1−10). The theta function
slopes are evaluated at some not-too-small value of z (z = pi/6 ≃ 0.5), roughly where
present-day measurements cluster. Somewhat remarkably the theta function slopes
are seen to reproduce the three flavour anomalous dimensions to an accuracy of a few
percent or so, over the range of moment numbers plotted, and it is this comparison
which justifies, (a posteriori) the identification Eq. 7, where the normalising factor
1/(2pi) is inserted purely empirically. At large N the non-singlet anomalous dimensions
grow like 16
27
logN , while the corresponding dependence for the theta function slopes
appears to be 1
pi
√
2N . Large N moments are not explored experimentally, however.
Note that this remarkable quantitative agreement, whether partly (or even wholly)
‘accidental’, extends over the entire kinematic range explored/fitted experimentally.
At higher values of Q2 (z <∼ pi/12) the z-dependence of the theta function moments
(Figure 2b) begins to ‘flatten-out’, with Bjorken scaling holding ‘exactly’ for the theta
function at the very highest energies (Q → MPL). While this effect is naturally not
present in the QCD fit (extrapolated to high energy) it is clear that such high energies
(Q2 >∼ 107 GeV2) have so far also not been explored experimentally. (Certainly in any
case, QCD can hardly be expected to hold unmodified for Q → MPL). Taking the
Q2-dependence of the theta function seriously, at the lower values of Q2 (z >∼ pi/12)
these effects are small (see above) and better than 1% measurements of xF3 would be
required to establish them even at HERA, Q2 ∼ 104 GeV2 [20]. By the same token,
substantive deviations (>∼ 20%) from the familiar perturbative QCD Q2-dependence
might be expected for Q2 >∼ 107 GeV2 and could conceivably show-up, for example at
a next-generation ep collider.
To summarise, we have seen that the classical theta function θ′1 bears a clear
resemblance to a non-singlet structure function, like xF3. While these two functions are
not identical, even in the region explored experimentally, it is hard to believe that the
observed similarities are entirely accidental. We are led to conclude that a qualitative
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relationship exists between structure functions and theta functions, a notion on which
we will enlarge below. This is the main conclusion of our investigation and it rests on
the analysis of the non-singlet structure functions, Figures 1-3 above.
Regarding singlet structure functions, ie. F2 = Q(x) + Q¯(x), or the closely related
gluon distribution G(x) in QCD, we have only a few comments. First, we note a
similarity of form between, for example, the relation xF3 = Q(x) − Q¯(x) and a theta
function identity like θ42(0) = θ
4
3(0)−θ44(0), essentially the Jacobi ‘obscure’ formula [2]:
16x
1
2
∞∏
n=1
(1 + xn)8 =
∞∏
n=1
(1 + xn−
1
2 )8 −
∞∏
n=1
(1− xn− 12 )8 (8)
Multiplying the theta function identity by the infinite product
∏
(1−xn)24 and plotting
the x-dependence of the various terms in Figure 4, the resulting curves are reminiscent
of the familiar behaviour of Q(x), Q¯(x) etc. at small x. This suggests that singlet
structure functions may be related in some way to functions like θ3 and θ4 which are
expressible as simple infinite products [2], without any powers of x. In this connection,
we note further that, exploiting the modular covarince of Eq. 4, the infinite product∏
(1− xn) can be shown [11] to be remarkably well approximated by:
∞∏
n=1
(1− xn) x→1≃
√
2pi
x−
1
24√
ln 1
x
exp(− pi
2
6 ln 1
x
) (9)
(with less than 10% deviation even for x as small as x = 10−6 for example) where the
right-hand side bears a clear resemblance to the well-known Q2 → ∞ expression for
the (unintegrated) gluon distribution at small x (x <∼ 10−3) [21]:
∂ G(x)
∂ ln k2T
x→0≃
√√√√k2T
k21
x−λBFKL√
ln 1
x
exp(− ln
2 k2T/k
2
0
56ζ(3)α¯ ln 1
x
) (10)
obtained by solving the BFKL [22] equation analytically [23] (and it will be noted that
despite the ‘formal’ inconsistency of the limits (Eq. 9 vs. Eq. 10) the ranges of validity
actually overlap over three orders of magnitude in x). In Eq. 10, α¯ ≡ 3
pi
α (where α
is the QCD gauge-coupling) and λBFKL = 4 ln 2 α¯ (k
2
0, k
2
1 are non-perturbative scale
parameters).
It should be pointed out that if the analytic similarity of Eq. 9 to Eq. 10 is not
accidental, then there may be someting to learn here about how the BFKL singularity
is regulated in QCD (Eq. 9 LHS does not obviously violate the Froissart bound).
Likewise, the gauge-coupling [24] would seem to be related to the index 1/24 above (we
note that for QCD, the Freudenthal de Vries ‘strange’ formula reduces to 8×CA = 24,
where CA = 3, while for three generations of quarks the corresponding net strength of
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the quark-gluon vertex in QCD is given by 18× CF = 24, where CF = 4/3). Casimir
himself postulated a relation between the zero-point energy coefficient and the gauge
coupling [25]. In (2-dimesional) dilaton gravity, the conformal anomaly c/24 is known
to play the role of the (dimensionless) inverse Newton constant [26].
Of course theta functions solve the diffusion equation ∂2θ/∂z2 = (4i/pi) ∂θ/∂τ and
the link between BFKL and diffusion has long been recognised, having its physical
origin in the absence of transverse momentum (kT ) ordering in the BFKL ladder [27].
While the kind of global similarity to theta functions seen in the non-singlet case
(Fig. 1-2) would certainly suggest that diffusion plays an important role for longitu-
dial variables also, clearly it is not possible (from perturbative QCD alone) to derive a
double-differential equation for structure functions (comparable to the diffusion equa-
tion) for arbitrary x and Q2. In the limit Q2 → ∞, x→ 0 the DGLAP equation [28]
for G(x) in fact reduces to a wave equation: ∂2G/∂z∂τ ≃ 2pi ∂G/∂τ + . . .[29], but
it should be remembered that the DGLAP approach omits explicitly the unordered
kT contribution above (assumes strong kT ordering). Regarding our extrapolation to
Q→ MP l, where presumably quantum gravity effects cannot be neglected (ie. beyond
the QCD context) it is perhaps worth noting that the partition function for a micro-
scopic black-hole is known to satisfy the 1D-diffusion equation [30]. While the smooth
extrapolation of DIS physics to black-hole physics implied in the present paper should
obviously be viewed with due caution, we note further that a partial analogy between
microscopic black-hole evaporation (via Hawking radiation [31]) and QCD fragmenta-
tion has in fact already been recognised in the literature [32] (and see also Ref. [34]
below).
If anything, the above observations on singlet structure functions reinforce the
case for a connection between structure functions and theta functions, which was
the main conclusion of the non-singlet analysis. That is not to say that we have
in hand a complete and quantitative description of the neutrino-nucleon structure
functions in terms of the Jacobi theta functions. The comparisons we have made are
at best only partially successful and sometimes apparently self-contradictory (eg. xF3
cannot ‘equal’ θ′1 which behaves like x
1
8 at small x and simultaneously display an x
1
2
dependence as implied by Eq 8). Also some generalisation of Eq. 7, to cover the low Q2
region, needs to be found, which may be difficult in practice. Nonetheless, considering
the non-singlet and singlet cases together, the accumulated evidence for a qualitative
(or ‘formal’) relation between structure functions and theta functions is undeniably
rather strong. The most obvious possibility would be that structure functions are theta
functions of some sort (or powers of theta functions) or some variant of theta functions
with similar behaviour. Possibly, theta functions relate to some ‘idealised’ structure
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function eg. of a pure-gauge system (or in the massless/SUSY limit) unobservable
experimentally. The theoretical derivation of such a result might conceivably proceed
within the representation theory of some infinite dimensional algebra [13].
To conclude, our point of view is that theta functions arise in connection with the
highest energy scales, eg. the Planck-scale or the unification scale (if our observations
mean anything at all, some high energy scale must be associated with the z = 0 for
the theta functions, and the Planck/unification scale seems the obvious best guess,
cf. Eq. 7). While in the QCD context we are often used to evolving models/fits from
lower to higher energies, one might reasonably argue that symmetry and simplicity are
in fact more naturally associated with the highest energy scales, so that ultimately,
evolving functional forms down in energy may come to seem much more sensible. We
remark once more that modular functions and modular symmetry already feature
prominently in theoretical considerations of Planck-scale physics. For example, string
theory threshold corrections to the reciprocal gauge-couplings [33] turn out to be in
part proportional to ln |η(τ)|4, (with τ the value of a given moduli field scaled to
the Planck-energy). Also, in five-dimensional D-brane theory the partition function
of a microscopic black-hole (small with respect to the compactification radii) can be
expressed in terms of integral powers of the eta-function [34]. The possibility that
such apparently abstract theoretical concerns may already be mirrored in existing
phenomenology (cf. xF3 → ∼η5(x) for Q → MPL) is both exciting and potentially
important.
For the future, emerging naturally from this analysis large-x/small-x ‘duality’ re-
lations for structure functions of the form Eq. 1 (or similar) are certainly an attractive
and ultimately testable possibility. While the non-singlet case would seem to offer the
best chance, empirical fits to singlet structure functions (eg. to F ep2 Ref. [35]) do in fact
suggest ‘critical’ x-values of a sort, apparently Q2-independent (with x0 ∼ exp(−pi)).
With some correlation between the large-x and small-x behaviour of structure func-
tions undoubtedly physically plausible [36], we have every reason to hope that definitive
experimental or theoretical evidence for the existence of relations of the above form
will eventually be found. In this last regard, we are pleased to call attention to the
work of R. Janik [37], pointing to a connection between xF3 and the classical elliptic
theta functions, established (for transverse variables) in the Regge limit of QCD, via
the modular invariance of the ‘odderon’.
Acknowledgement
It is a pleasure to thank R. G. Roberts for helpful discussions and encouragement.
9
References
[1] Proceedings of the 1995/96 Workshop on Future Physics at HERA.
ed. G. Ingleman, A. de Roeck and R. Klanner. (1996).
[2] C. G. J. Jacobi. Fundamenta Nova Theoriae Functionum Ellipticarum.
Kronigsberg (1829).
R. Bellman. A Brief Introduction to Theta Functions.
Holt, Rinehart and Winston. (1961).
D. F. Lawden. Elliptic Functions and Applications. Springer-Verlag (1980).
[3] M. B. Green, J. H. Schwartz and E. Witten. Superstring Theory. Vol 1-2.
Cambridge University Press. (1987).
[4] N. Seiberg and E. Witten. Nucl Phys. B426 (1994) 19; B431 (1994) 484.
[5] A. D. Martin, R. G. Roberts and W. J. Stirling. Phys. Lett. B 387 (1996) 419.
[6] G. F. Chew and S. C. Frautschi. Phys. Rev. Lett. 6 (1962) 41.
[7] S. J. Brodsky and G. R. Farrar. Phys. Rev. Lett. 31 (1973) 153..
[8] P. Castorina, G. Nardulli and G. Preparata. Nucl. Phys. B163 (1980) 333.
C. Angelini and R. Pazzi. Phys. Lett. 113B (1982) 343.
A. Gianelli et al. Phys. Lett. B150 (1985) 214.
V. Devanathan, S. Karthiyayini and K. Ganesamurthy.
Mod. Phys. Lett. A9 (1994) 3455.
[9] J. Cleymans and R. L. Thews. Z. Phys. C37 (1988) 315.
E. Mac and E. Ugaz. Z. Phys. C43 (1989) 655.
J. Cleymans, I. Dadic and J. Joubert. Z. Phys. C64 (1994) 275.
C. Bourrely and J. Soffer. Phys. Rev. D51 (1995) 2108.
R. S. Bhalerao. Phys. Lett. B380 (1996) 1. See also hep-ph/0003075.
R. S. Bhalerao, N. G. Kelkar and B. Ram. Phys. Lett. B 476 (2000) 285.
(hep-ph/9911286).
[10] G. Arnison et al. Phys. Lett. B 136 (1984) 294.
[11] G. H. Hardy and S. Ramanujan. Proc. Lond. Math. Soc. (2) 17 (1918) 75.
M. J. Bowick. SUHEP-4241-522.
10
[12] H. B. G. Casimir. Proc. K. Ned. Akad. Wet. 51 (1948) 793.
H. W. J. Blote, J. L. Cardy and M. P. Nightingale.
Phys. Rev. Lett. 56 (1986) 742.
X. Kong and F. Ravndal Phys. Rev. Lett. 79 (197) 545.
[13] V. G. Kac. Infinite Dimensional Lie Algebras. BirkHauser (1983).
V. G. Kac and D. H. Peterson. Adv. Math. 53 (1984) 125.
I. G. MacDonald. Invent. Math. 15 (1972) 91.
J. Thierry-Mieg. DAMTP-88-17.
L. Dolan. Phys. Rep. 109 (1984) 1.
P. Goddard and D. Olive. Int. J. Mod. Phys. A 1 (1986) 303.
[14] H. D. Politzer. Phys. Rep. 14C (1974) 130.
[15] P. C. Bosetti et al. Nucl. Phys. B142 (1978) 1.
[16] D. J. Gross and C. H. Llewellyn-Smith. Nucl. Phys. B14 (1969) 337.
[17] R. C. Hwa, Phys. Rev. D22 (1980) 759.
[18] R. L. Jaffe and G. G. Ross. Phys. Lett. 93B (1980) 313.
C. J. Benesh and G. A. Miller. Phys. Rev. D36 (1987) 1344.
V. Sanjose and V. Vento. Phys. Lett. B225 (1989) 15.
A. W. Schreiber, A. I. Signal and A. W. Thomas. Phys. Rev. D44 (1991) 2653.
A. Ardekani and A. I. Signal. Phys. Lett. B311 (1993) 281.
J. Jasiak. hep-ph/9706503 (1997).
[19] H. Weigel, L. Gamberg and H. Reinhardt. Mod Phys. Lett A11 (1996) 3021;
Phys. Lett. B300 (1997) 287; Phys Rev. D55 (1997) 6910.
[20] C. Adloff et al. Z. Phys. C74 (1997) 191.
J. Breitweg et al. Z. Phys. C74 (1997) 207.
[21] J. R. Foreshaw and D. A. Ross.
Quantum Chromodynamics and the Pomeron. CUP (1997).
[22] V. S. Fadin E. A. Kuraev and L. N. Lipatov Phys. Lett B 60 (1975) 50.
Y. Y. Balitsky and l. N. Lipatov. Sov. J. Nucl. Phys. 28 (1978) 822.
[23] S. Catani et al. Nucl. Phys. B336 (1990) 18.
J. Kwiencinski. Nucl. Phys. B (Proc. Suppl.) 39B,C (1995) 68.
11
[24] J. L. Lopes, D. V. Nanopoulos and A. Zichichi.
Prog. Part. Nucl. Phys. 33 (1994) 303.
M. Reuter and C. Wetterich. Nucl. Phys. B417 (1994) 181.
R. R. Metsaev and A. A. Tseytlin. Nucl. Phys. B298 (1988) 109.
D. J. Broadhurst. Phys. Lett. B307 (1993) 132.
H. Freudenthal and H. de Vries. Linear Lie Groups. Academic Press (1969).
F. J. Dyson. “Unfashionable Pursuits” in “Symmetries in Particle Physics”,
ed. I.Bars, A.Chodos and C.-H.Tze, (Plenum Publishing Corp. 1984), pp. 265-285.
[25] H. B. G. Casimir. Physica 19 (1956) 846.
K. A. Milton. 17th Symp. Theor. Phys. Seoul (1988). hep-th/9901011
[26] M. Cadoni and M. Mignemi. Nucl. Phys. B557 (1999) 165. hep-th/9902040.
[27] J. Kwiecinski. Invited Talk. 26th International Symposium on Multiparticle
Dynamics. Faro Portugal. (1996). Cracow INP preprint: INP-1743-PH.
[28] V. N. Gribov and L. N. Lipatov. Sov. J. Nucl. Phys. 15 (1972) 438.
L. N. Lipatov. Sov. J. Nucl. Phys. 20 (1975) 95.
Yu. L. Dokshitzer. Sov. JETP 46 (1977) 641.
G. Altarelli and G. Parisi. Nucl. Phys. B 126 (1977) 298.
[29] R. D. Ball and S. Forte. Phys. Lett. B335 (1994) 77.
[30] H. A. Kastrup et al. Phys. Lett. B413 (1997) 267.
[31] S. W. Hawking. Nature 248 (1974) 30.
[32] J. M. Maldacena. Nucl. Phys. B (Proc. Supll. ) 67 (1998) 48.
[33] L. J. Dixon, V. S. Kaplunovsky and J. Louis Nucl. Phys. B355 (1991) 649.
[34] E. Halyo, A. Rajaraman and L. Susskind. Phys. Lett. B392 (1997) 319.
C. G. Callan and J. M. Maldacena. Nucl. Phys. B472 (1996) 591
I. Brevik, A. A. Bysenko and A. E. Goncalves. Phys. Lett. B453 (1999) 217.
D. Amati and J. G. Russo. hep-th/9901092.
[35] D. Haidt. Nucl. Phys. B (Proc. Suppl. ) 79 (1999) 186.
D. Haidt. Proceedings DIS97 Chicago (1997) 386.
[36] R. P. Feynman. Photon-Hadron Interactions. W. A. Benjamin Inc. (1972).
[37] R. Janik. Phys. Lett. B371 (1996) 293; Acta. Phys. Pol. B27 (1996) 1275,
Jagellonian University Preprint: TPJU-9/96. See also hep-th/0010069.
12
Figure Captions
Figure 1 a) The x-dependence of the non-singlet neutrino-nucleon structure function
xF3, based on the standard MRS [5] QCD fit to existing data, for factor-of-ten incre-
ments in Q2, Q2 = 1− 107 GeV2 (solid curves). The dashed curve labelled Q2 ∼M2PL
is the function [x
1
12 η(x)/η(x2)]5 (where η(x) is the Dedekind eta function [13] Eq. 4)
which provides a reasonably accurate representation of the QCD fit extrapolated to
Q2 ∼ 1038 GeV2 (see Figure 2a). b) The theta function θ′1(z, x)/2 plotted as a function
of x (solid curves) for a sequence of z-values, z = 0.55− 0.25 (see Eq. 7). The limiting
form of θ′1/2 at z = 0 is η
3(x) (dashed curve).
Figure 2 a) (The natural logarithm of) the x-moments (N = 1 − 7) of the structure
function xF3, plotted as a function of s = ln lnQ
2/Λ2, for Q2 = 1 − 107 GeV2 (filled
points). Extrapolating the QCD dependence (solid lines) to Q2 ∼ 1038 GeV2, the
extrapolated moments are seen to be reasonably accurately reproduced by the mo-
ments of the function [x
1
12 η(x)/η(x2)]5 (open half-points). A naive extrapolation to
low Q2 (broken lines) shows the moments apparently converging (see text). b) The
x-moments of the theta function (θ′1/2) plotted as a function of z. The theta function
moments also converge to a common value as z → pi/2 (ie. at small values of Q2)
where θ′1/2 → 2piδ(x − 1). At small z (ie. at large values of Q2) the z-dependence
‘flattens-off’, so that Bjorken scaling holds exactly for θ′1 as z → 0.
Figure 3 The slopes of the theta function moments with respect to logQ2, (assuming
the correspondence Eq. 7) evaluated at z = pi/6 ≃ 0.5, plotted as a function of
moment number N (solid curve). The broken histogram shows the leading-order QCD
anomalous dimensions, calculated for three quark flavours. The theta function slopes
reproduce the leading-order QCD anomalous dimensions (to an accuracy of a few
percent or so) over the range of moment numbers plotted.
Figure 4 Terms in the theta function identity θ42(0) = θ
4
3(0)− θ44(0) [2] (essentially the
Jacobi ‘obscure’ formula Eq. 8) multiplied by the infinite product
∏
(1−xn)24, plotted
as a function of x, for small-x. The resulting curves are reminiscent of the familiar
behaviour of Q(x), Q¯(x) etc. at small-x (cf. θ42(0) = θ
4
3(0)−θ44(0) : xF3 = Q(x)−Q¯(x)),
suggesting that singlet structure functions may be related to functions like θ3 and θ4,
expressible as simple infinite products, without any powers of x.
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